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ON MINIMAL PRESENTATIONS OF SHIFTED AFFINE
SEMIGROUPS WITH FEW GENERATORS
CHRISTOPHER O’NEILL AND ISABEL WHITE
Abstract. An affine semigroup is a finitely generated subsemigroup of (Zd≥0,+),
and a numerical semigroup is an affine semigroup with d = 1. A growing body of
recent work examines shifted families of numerical semigroups, that is, families of
numerical semigroups of the form Mn = 〈n+ r1, . . . , n+ rk〉 for fixed r1, . . . , rk, with
one semigroup for each value of the shift parameter n. It has been shown that within
any shifted family of numerical semigroups, the size of any minimal presentation is
bounded (in fact, this size is eventually periodic in n). In this paper, we consider
shifted families of affine semigroups, and demonstrate that some, but not all, shifted
families of 4-generated affine semigroups have arbitrarily large minimal presentations.
1. Introduction
An affine semigroup M is a finitely generated subsemigroup of (Zd≥0,+), and we
call d the affine dimension of M . If d = 1, we call M a numerical semigroup. We write
M = 〈v1, . . . , vk〉 = {a1v1 + · · ·+ akvk : a1, . . . , ak ∈ Z≥0} ⊂ Z
d
≥0
to specify the affine semigroup with generating set v1, . . . , vk ∈ Z
d
≥0. Each expression
v = a1v1 + · · ·+ akvk with a1, . . . , ak ∈ Z≥0
of an element v ∈M as a sum of generators of M is called a factorization of v, which
we often represent by the k-tuple (a1, . . . , ak).
One of the primary ways of studying an affine semigroup M is via a minimal presen-
tation ρ ⊂ Zk≥0 ×Z
k
≥0, each element of which is a pair of factorizations that represents
a minimal relation or trade between the generators of M (we defer the formal defini-
tion of minimal presentations until Section 2). As an example, if M = 〈6, 9, 20〉 is the
Chicken McNugget semigroup [4], then
ρ =
{(
(3, 0, 0), (0, 2, 0)
)
,
(
(4, 4, 0), (0, 0, 3)
)}
is one possible minimal presentation for M , where the first element represents the
relation 3 · 6 = 2 · 9 and the second represents the relation 4 · 6 + 4 · 9 = 3 · 20.
This paper considers parametrized families of affine semigroups of the form
Mn = 〈f1(n), . . . , fk(n)〉 ⊂ Z
d
≥0
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for some functions f1(n), . . . , fk(n) whose coordinates are polynomials in an integer
parameter n. A growing body of recent work [1, 3, 8, 10, 13] examines the asymptotic
behavior of various combinatorially-flavored semigroup invariants, viewed as functions
of n, and numerous invariants have been shown for large n to coincide with a quasipoly-
nomial, that is, a polynomial whose coefficients are periodic functions of n.
Recent work of Bogart, Goodrick and Woods [2] prove that for any parametrized
family of affine semigroups, the function n 7→ |ρn| is eventually quasipolynomial in n,
where each ρn denotes a minimal presentation ofMn. Their results are broad, but non-
constructive, relying on techniques from formal logic known as Presburger arithmetic.
In particular, combinatorial details of the quasipolynomial function, such as its degree,
period, and (often constant) leading coefficient, are not known in general.
Parametrized families of numerical semigroups have recieved substantially more at-
tention. When Mn is a numerical semigroup of the form
Mn = 〈n+ r1, . . . , n+ rk〉 ⊂ Z≥0
for fixed r1, . . . , rk ∈ Z≥0 (which we call a shifted family of numerical semigroups), it is
known that the function n 7→ |ρn| is eventually periodic [5, 14]. More generally, if each
generator instead has the form win + ri for some wi, ri ∈ Z≥0, then it is again known
that n 7→ |ρn| is eventually periodic [9].
In this paper, we provide an initial investigation into the combinatorial details of the
function n 7→ |ρn| for families of affine semigroups. In particular, we consider affine
semigroups of the form
Mn = 〈(n, n) + (x1, y1), . . . , (n, n) + (xk, yk)〉 ⊂ Z
2
≥0
for fixed xi, yi ∈ Z≥0 (which we call shifted affine semigroups). We prove that if k = 3,
then |ρn| is eventually periodic (Theorems 3.3 and 3.4). In contrast, for k = 4, we
provide examples demonstrating that |ρn| grows unbouned for some shifted families
(Theorem 4.2), but is eventually periodic for others (Theorem 5.2).
2. Background
Fix an affine semigroup M = 〈v1, . . . , vk〉 ⊂ Z
d
≥0. In what follows, we develop the
notion of a minimal presentation; for a more detailed introduction, see [11, 12].
The factorization homomorphism
π : Zk≥0 −→M
z 7−→ z1v1 + · · ·+ zkvk
is the additive semigroup homomorphism that sends each k-tuple z = (z1, . . . , zk) to
the element ofM that z is a factorization of. Under this notation, the preimage π−1(v)
is the set of factorizations of v ∈M .
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A relation or trade of M is a pair (z, z′) of factorizations such that πn(z) = π(z
′).
The set ker π ⊂ Zk≥0 × Z
k
≥0 of relations of M , given by
ker π = {(z, z′) : π(z) = π(z′)},
is an equivalence relation on Zk≥0 that is additionally closed under translation: whenever
(z, z′) ∈ ker π, we have (z + u, z′ + u) ∈ ker π for any u ∈ Zk≥0. This makes ker π a
congruence on Zk≥0, called the kernel congruence of π.
A presentation forM is a subset ρ ⊂ ker π such that ker π is the smallest congruence
on Zk≥0 containing ρ (or, equivalently, if ker π equals the intersection of all congruences
on Zk≥0 containing ρ). We say a presentation ρ of M is minimal if no proper subset
of ρ is a presentation for M . Although a given affine semigroup M can have several
distinct minimal presentations, it is known that all minimal presentations of M are
finite and contain the same number of relations.
The Betti elements of M are those in the set
Betti(M) = {π(z) : (z, z′) ∈ ρ},
where ρ is any minimal presentation of M (it is known that the set Betti(M) is inde-
pendent of the choice of ρ). Given an element v ∈ M , we define a graph ∇v whose
vertex set is π−1(v) and where two vertices z, z′ ∈ π−1(v) are connected by an edge
whenever zi > 0 and z
′
i > 0 for some i. It turns out v ∈ Betti(M) if and only if ∇v is
disconnected. Moreover, the number of relations (z, z′) ∈ ρ for which v = π(z) is one
less than the number of connected components of ∇v. This connection between Betti
elements and minimal relations will play a key role in Theorem 4.2.
Example 2.1. The affine semigroup
C = 〈(3, 2), (4, 3), (6, 3)〉
is the Raising Cane’s semigroup, named for the popular southern fried chicken restau-
rant. Raising Cane’s has the following combos:
(i) the 3-Finger Combo, which comes with 3 chicken fingers and 2 sides;
(ii) the Box Combo, which comes with 4 chicken fingers and 3 sides; and
(iii) the Caniac Combo, which comes with 6 fingers and 3 sides.
As such, a vector (x, y) lies in C if you can purchase exactly x chicken fingers and y
sides using the combo boxes listed above.
The Raising Cane’s semigroup has minimal presentation
ρ =
{(
(6, 0, 0), (0, 3, 1)
)}
since purchasing 6 of the 3-Finger Combos yields the same number of chicken fingers
and sides as purchasing 3 of the Box Combos and 1 Caniac Combo.
It turns out that, like the semigroup in Example 2.1, any 3-generated affine semigroup
in Z2≥0 has a unique minimal presentation consisting of a single relation, a fact we record
here for use in our proofs of Theorems 3.3 and 3.4.
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Lemma 2.2. Any 3-generated affine semigroup S ⊂ Z2≥0 has a unique trade (z, z
′)
with |z| < |z′| in which the coordinates of z and z′ do not all have a common factor.
Moreover, {(z, z′)} is the unique minimal presentation of S.
Proof. This follows immediately from [7, Corollary 1.6]. 
We close the section with a result that first appeared as [5, Theorem 4.9], which
implies that within any family of shifted numerical semigroups Mn with corresponding
minimal presentations ρn, the map n 7→ |ρn| is eventuall periodic in n.
Theorem 2.3. Fix r1, . . . , rk ∈ Z≥0, and let p = rk − r1. For each n ∈ Z≥1, let
Mn = 〈n+ r1, . . . , n+ rk〉,
and let πn : Z
k
≥0 → Mn denote the factorization homomorphism of Mn. Consider the
map Φn : ker πn → ker πn+p given by
(z, z′) 7→


(z + ℓek, z
′ + ℓe1) if |z| < |z
′|;
(z + ℓe1, z
′ + ℓek) if |z| > |z
′|;
(z, z′) if |z| = |z′|,
where ℓ =
∣∣|z| − |z′|∣∣. If n > p2, then Φn sends any minimal presentation of Mn to a
minimal presentation of Mn+p.
3. Shifted affine semigroups with 3 generators
The main results of this section are Theorems 3.3 and 3.4, which together establish an
analogous result to Theorem 2.3 for 3-generated affine semigroups in affine dimension 2.
Notation 3.1. Throughout this section, let r1 = (x1, y1), r2 = (x2, y2) ∈ Z
2
≥0 be fixed,
and for each n ∈ Z≥1 define the affine semigroup
Mn = 〈N,N + (x1, y1), N + (x2, y2)〉
and the corresponding factorization homomorphism πn : Z
3
≥0 → Z
2
≥0 given by
πn(z0, z1, z2) = z0N + z1(N + r1) + z2(N + r2) = |z|N + z1r1 + z2r2,
where N = (n, n). Additionally, define
a1 = |x1 − y1|, a2 = |x2 − y2|, d1 =
a1
gcd(a1, a2)
, d2 =
a2
gcd(a1, a2)
,
and
p =
|x1y2 − y1x2|
gcd(a1, a2)
.
Remark 3.2. The precise relationship between minimal presentations within the same
shifted family is dependent upon the geometric orientation of the generators of Mn.
In particular, there exist two possible orientations of generators of Mn.
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(a) If x1 < y1 and x2 > y2 (or if x2 < y2 and x1 > y1), then N+(x1, y1) and N+(x2, y2)
can be oriented such that they are on either side of N . These conditions can be
consolidated by requiring (x1 − y1)(x2 − y2) < 0.
(b) If x1 > y1 and x2 > y2 (or if x1 < y1 and x2 < y2), then N+(x1, y1) and N+(x2, y2)
can be oriented such that they are on one side of N . As before, these conditions
can be consolidated to (x1 − y1)(x2 − y2) > 0.
Theorems 3.3 and 3.4, respectively, handle these two cases.
Theorem 3.3. Suppose (x1−y1)(x2−y2) ≤ 0, and let Ψn : ker πn → ker πn+p given by
Ψn(z, z
′) =


(
z + ℓ(d2e1 + d1e2), z
′ + ℓ(d1 + d2)e0
)
if |z| < |z′|;(
z + ℓ(d1 + d2)e0, z
′ + ℓ(d2e1 + d1e2)
)
if |z| > |z′|;
(z, z′) if |z| = |z′|,
where ℓ =
∣∣|z| − |z′|∣∣. If {(z, z′)} is the minimal presentation of Mn, then {Ψn(z, z′)}
is the minimal presentation of Mn+p.
Proof. By symmetry, we can assume without loss of generality that a1 = y1 − x1 ≥ 0
and that a2 = x2 − y2 ≥ 0. As such,
p =
x2y1 − x1y2
gcd(a1, a2)
and for any (z, z′) ∈ ker πn,
Ψn(z, z
′) =
(
z + ℓ(d2e1 + d1e2), z
′ + ℓ(d1 + d2)e0
)
.
We must first show Ψn is well-defined, that is, whenever (z, z
′) ∈ ker πn, we have
(w,w′) := Ψn(z, z
′) ∈ ker πn+p. By symmetry, it suffices to consider the case |z| ≤ |z
′|.
By assumption, πn(z) = πn(z
′), so
w − w′ = πn+p
(
z + ℓ(d2e1 + d2e2))− πn+p(z
′ + ℓ(d1 + d2)e0
)
=
(
(|z|+ ℓ(d1 + d2))(n+ p, n+ p) + (z1 + ℓd2)r1 + (z2 + ℓd1)r2
)
−
(
(|z′|+ ℓ(d1 + d2))(n+ p, n+ p) + z
′
1r1 + z
′
2r2
)
= (|z| − |z′|)(n+ p, n+ p) + (z1 − z
′
1 + ℓd2)r1 + (z2 − z
′
2 + ℓd1)r2
= πn(z)− πn(z
′) + ℓ(p, p) + ℓ(d2r1 − d1r2)
= ℓ(p, p) + ℓ
(
(x2 − y2)x1
gcd(a1, a2)
−
(y1 − x1)x2
gcd(a1, a2)
,
(x2 − y2)y1
gcd(a1, a2)
−
(y1 − x1)y2
gcd(a1, a2)
)
= ℓ(p, p)− ℓ
(
x2y1 − y2x1
gcd(a1, a2)
,
x2y1 − y2x1
gcd(a1, a2)
)
= (0, 0),
thereby proving Ψn is well-defined.
By Lemma 2.2, it remains to show that if the coordinates of (z, z′) have no common
factors, then the coordinates of (w,w′) = Ψn(z, z
′) has no common factors. To that
end, suppose k ∈ Z≥1 divides every coordinate in both w and w
′. We must show that
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k divides every coordinate of z and z′. This means k | zi for i = 0, 1, 2, meaning k
divides |w| = w0 + w1 + w2. Likewise, k divides |w
′|, and therefore k divides
ℓ =
∣∣|w| − |w′|∣∣ = ∣∣|z| − |z′|∣∣.
As such, k divides every coordinate of z = w−ℓ(d2e1+d1e2) as well as every coordinate
of z′ = w′ − ℓ(d1 + d2)e0. This completes the proof. 
The proof of Theorem 3.4 is analogous to that of Theorem 3.3, and thus is omitted.
Theorem 3.4. If (x1− y1)(x2− y2) > 0, then the map Ψ
′
n : ker πn → ker πn+p given by
Ψ′n(z, z
′) =


(
z + ℓd1e2, z
′ + ℓ(|d1 − d2|e0 + d2e1)
)
if |z| < |z′|(
z + ℓ(|d1 − d2|e0 + d2e1), z
′ + ℓd1e2
)
if |z| > |z′|
(z, z′) if |z| = |z′|
where ℓ =
∣∣|z| − |z′|∣∣. If {(z, z′)} is the minimal presentation of Mn, then {Ψ′n(z, z′)}
is the minimal presentation of Mn+p.
4. A shifted family with an unbounded number of relations
In this section, we identify a shifted family of affine semigroups Mn, each having
4 generators, for which the number of Betti elements (and, therefore, the size of any
minimal presentation) grows unbounded as n→∞ (Theorem 4.2).
Notation 4.1. For the remainder of this section, let
Mn = 〈N,N + (1, 3), N + (2, 1), N + (2, 4)〉,
and let
A = (48k + 18, 48k + 28), B = (18k2 + 27k + 4, 18k2 + 27k + 4), and
Ri = (36k
2 − 18ik + 24k − 9i+ 3, 36k2 − 18ik + 36k − 21i+ 5),
where 0 ≤ i ≤ k.
Theorem 4.2. If n = 6k+1 with k ≥ 5, then we have Betti(Mn) ⊇ {A,B,R0, . . . Rk}.
In particular, |Betti(Mn)| is unbounded for n large.
The proof of Theorem 4.2 utilizes the following lemmas.
Lemma 4.3. If k ≥ 5, then Z(A) = {(0, 6, 2, 0), (3, 0, 0, 5)}.
Proof. Suppose (a, b, c, d) ∈ Z(A) and let m = a + b + c + d. We first claim m = 8.
Examining coordinates, we see
48k + 18 = 6k(a+ b+ c+ d) + (a + 2b+ 3c+ 3d) = 6mk + (a+ 2b+ 3c+ 3d),(4.1)
48k + 28 = 6k(a+ b+ c+ d) + (a + 4b+ 5c+ 2d) = 6mk + (a+ 4b+ 2c+ 5d),(4.2)
the first of which we can rearrange to obtain
a+ 2b+ 3c+ 3d = 6k(8−m) + 18.
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The left side is clearly non-negative, and since k ≥ 5, the right side is only non-negative
if m ≤ 8. Moreover, if m ≤ 7, then the left side is at most 21, while the right hand side
is at least 48. As such, we conclude m = 8. Substituting back into (4.1) and (4.2), we
see (a, b, c, d) ∈ Z(A) if and only if
18 = a+ 2b+ 3c+ 3d and 28 = a+ 4b+ 5c+ 2d,
which are both independent of k. A quick computation for k = 5 with [6] then yields
Z(A) = {(0, 6, 2, 0), (3, 0, 0, 5)}
for every k ≥ 5. 
Lemma 4.4. Fix (a, b, c, d) ∈ Z(B) and let m = a + b + c + d. If k ≥ 1, then exactly
one of the following hold:
(i) m = 3k + 3 and a = 0; or
(ii) m = 3k + 4 and b = c = d = 0.
Proof. By looking at coordinates,
18k2 + 27k + 4 = 6km+ a + 2b+ 3c+ 3d and(4.3)
18k2 + 27k + 4 = 6km+ a + 4b+ 2c+ 5d,(4.4)
the first of which we can rearrange to obtain
a + 2b+ 3c+ 3d− 4 = 3k(6k + 9− 2m).
The left hand side is clearly non-negative, while the right hand side is only non-negative
if m ≤ 3k + 4. Moreover, (4.3) implies
(6k+3)(3k+3)−5 = 18k2+27k+4 = 6km+a+2b+3c+3d ≤ 6km+3m = (6k+3)m,
which is only possible ifm ≥ 3k+3 since k ≥ 5. Hence, eitherm = 3k+3 orm = 3k+4.
Now, supposing m = 3k + 3, we must show a = 0. Subtracting into (4.3) and (4.4),
we obtain c = 2b+ 2d, and substituting into (4.3) yields
a+ 8b+ 9d = 9k + 4 = 3m− 5 = 3a + 3b+ 3c+ 3d− 5 = 3a+ 9b+ 9d− 5,
meaning 5 = 2a+ b. This forces a ≤ 2, and reducing both sides of
6k + 1 = (9k + 4)− (3k + 3) = 5b+ 6d
modulo 6 implies b ≡ 5 mod 6, so a = 0. On the other hand, supposing m = 3k + 4,
we must show b = c = d = 0. From (4.3), we obtain
a + 2b+ 3c+ 3d = 3k + 4 = a+ b+ c+ d.
So, b+ 2c+ 2d = 0, at which point non-negativity implies b = c = d = 0. 
Lemma 4.5. Suppose 0 ≤ i ≤ k, fix (a, b, c, d) ∈ Z(Ri), and let m = a + b+ c + d. If
k ≥ 2, then exactly one of the following hold:
(i) m = 6k − 3i+ 1 and a = b = 0; or
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(ii) m = 6k − 3i+ 2 and c = d = 0.
Proof. Examining coordinates, we obtain
36k2 − 18ik + 24k − 9i+ 3 = 6km+ a+ 2b+ 3c+ 3d and(4.5)
36k2 − 18ik + 36k − 21i+ 5 = 6km+ a+ 4b+ 2c+ 5d.(4.6)
If m ≥ 6k − 3i+ 4, then (4.5) implies
0 ≥ 6k(6k − 3i+ 4−m) = a+ 2b+ 3c+ 3d+ 9i− 3 ≥ m+ 9i− 3 ≥ 6k + 6i.
which is a contradiction since k is positive. On the other hand, if m ≤ 6k − 3i, then
24k ≤ 6k(6k − 3i+ 4−m) = a+ 2b+ 3c+ 3d+ 9i− 3 ≤ 3m+ 9i− 3 ≤ 18k + 6,
which is a contradiction since k ≥ 2. This leaves 3 possible values for m.
First, if m = 6k − 3i+ 3, then (4.5) implies
−6i = (6k− 9i+3)− (6k− 3i+3) = (a+2b+3c+3d)− (a+ b+ c+ d) = b+2c+2d,
which forces i = 0 and b = c = d = 0, but this is impossible since R0 is not a
multiple of N (the second coordinate is strictly larger than the first). Next, supposing
m = 6k − 3i+ 1, from (4.5) we obtain
0 = 3m− (18k − 9i+ 3) = 3m− (a+ 2b+ 3c+ 3d) = 2a+ b
which implies a = b = 0. Lastly, suppose m = 6k − 3i+ 2. Using (4.5) and (4.6),
0 = 3(12k − 9i+ 3)− (24k − 21i+ 5)− 2(6k − 3i+ 2)
= 3(a+ 2b+ 3c+ 3d)− (a+ 4b+ 2c+ 5d)− 2(a+ b+ c+ d)
= 5c+ 2d,
which implies that c = d = 0. 
Proof of Theorem 4.2. After verifying that
(0, 5, 2k + 2, k − 4), (3k + 4, 0, 0, 0) ∈ Z(B)
and
(3i+ 1, 6k − 6i+ 1, 0, 0), (0, 0, 2i, 6k − 5i+ 1) ∈ Z(Ri),
the result follows from Lemmas 4.3, 4.4, and 4.5. 
Remark 4.6. Based on computational evidence, Betti(Mn) = {A,B,R0, . . . , Rk}.
However, proving this requires a substantially longer argument that would take us
too far astray from the intent of Theorem 4.2.
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5. A shifted family with a periodic number of minimal relations
In the final section of this paper, we prove that for each n ≥ 3, the affine semigroup
Mn = 〈N,N + (3, 2), N + (4, 3), N + (5, 3)〉
has either 2 or 3 minimal relations, demonstrating that the phenomenon identified in
Theorem 4.2 does not occur for all shifted families of 4-generated affine semigroups.
Lemma 5.1. Suppose n = 3k+ r for k, r ∈ Z with k ≥ 1 and 0 ≤ r < 3. The smallest
positive values of c1 and c2 for which
c1(N + (3, 2)) ∈ 〈N,N + (4, 3), N + (5, 3)〉 and
c2(N + (4, 3)) ∈ 〈N,N + (3, 2), N + (5, 3)〉
are c1 = 3 and c2 = 2k + r, respectively.
Proof. One can readily check that
πn(1, 0, 1, 1) = πn(0, 3, 0, 0) and πn(k + 1, r, 0, k) = πn(0, 0, 2k + r, 0),
so c1 ≤ 3 and c2 ≤ 2k + r. Suppose (a0, 0, a2, a3) ∈ Z(c1(N + (3, 2))). This yields
0 = n(a0 − c1 + a2 + a3)− 3c1 + 4a2 + 5a3
0 = n(a0 − c1 + a2 + a3)− 2c1 + 3a2 + 3a3
from which we have c1 − a2 − 2a3 = 0, and substituting yields
0 = n(a0 − a3) + c1 − 3a3.
Since c1 ≤ 3, either a3 = 0, which is impossible since it would imply na0 + c1 = 0, or
a3 = 1, in which case c1 = 3− n(a0 − 1) forces c1 = 3 so long as n ≥ 3.
Next, suppose (b0, b1, 0, b3) ∈ Z(c2(N + (4, 3))). Due to the above trade and the
minimality of c2, we can assume b1 < 3. This yields
0 = n(b0 + b1 − c2 + b3)− 4c2 + 3b1 + 5b3
0 = n(b0 + b1 − c2 + b3)− 3c2 + 2b1 + 3b3
from which we have c2 − b1 − 2b3 = 0. First, substituting for c2 yields
n(b0 − b3) = c1 + b3,
whose positivity implies b0 − b3 ≥ 1. Moreover,
n(b0 − b3) = 4c2 − 3b1 − 5b3 =
3
2
c2 −
1
2
b1 ≤
3
2
c2 ≤ 3k +
3
2
r ≤ 3(k + 1)
which forces b0 − b3 = 1. From there, reducing both sides of
0 = n(b0 − b3)− b1 − 3b3 = 3k + r − b1 − 3b3
modulo 3 implies b1 ≡ r mod 3 and thus b1 = r. Together with
2b3 = c2 − b1 ≤ 2k + r − b1 = 2k,
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we obtain
c2 = n(b0 − b3)− b3 = n− b3 = 3k + r − b3 ≥ 2k + r,
as desired. 
Theorem 5.2. Write n = 3k + r for k, n ∈ Z≥0 with r < 3, and let
R =
{(
(1, 0, 1, 1), (0, 3, 0, 0)
)
,
(
(k + 1, r, 0, k), (0, 0, 2k + r, 0)
)}
.
If n ≥ 3, then
ρ =
{
R if r = 0;
R ∪
{(
(k + 2, 0, 0, k + 1), (0, 3− r, 2k + r − 1, 0)
)}
if r = 1, 2,
is a minimal presentation of Mn.
Proof. The two relations in R indeed appear in ρ by Lemma 5.1. Suppose (a, b) is some
relation not generated by R. By first performing the trades in R on a and b, it suffices
to assume that a1, b1 < 3 and that a2, b2 < 2k + r. There are two cases to consider.
In the first case, suppose
(a, b) =
(
(a0, 0, a2, 0), (0, b1, 0, b3)
)
This yields the equations
0 = n(a0 + a2 − b1 − b3) + 4a2 − 3b1 − 5b3
0 = n(a0 + a2 − b1 − b3) + 3a2 − 2b1 − 3b3
from which we obtain a2 = b1 + 2b3, yielding
0 = n(a0 + b3) + b1 + 3b3
which is impossible since the right hand side is strictly positive.
For the second case, suppose
(a, b) =
(
(0, a1, a2, 0), (b0, 0, 0, b3)
)
.
This yields the equations
0 = n(a1 + a2 − b0 − b3) + 3a1 + 4a2 − 5b3
0 = n(a1 + a2 − b0 − b3) + 2a1 + 3a2 − 3b3
from which we obtain a1 + a2 = 2b3. Substituting yields
n(b0 − b3) = 3a1 + 4a2 − 5b3 =
1
2
a1 +
3
2
a2 ≤ 1 + 3k +
3
2
r ≤ 3k + 4,
which, together with the positivity of 1
2
a1 +
3
2
a2 implies b0 − b3 = 1. Reducing
0 = n(a1 + a2 − b0 − b3) + 2a1 + 3a2 − 3b3 = n+ 2a1 + 3a2 − 3b3
modulo 3 implies 2a1 ≡ r mod 3. If r = 0, then a1 = 0, meaning (a, b) has the form
(a, b) =
(
(0, 0, a2, 0), (b0, 0, 0, b3)
)
, contradicting the minimality of c2 in Lemma 5.1.
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If, on the other hand, r 6= 0, then a1 = 3 − r. Substituting one last time into the
original equalities, we obtain
3k + r = n(b0 + b3 − a1 − a2) = a1 + 2a2 − b3 = (3− r) + 2a2 − b3
which, when combined with
2b3 = a1 + a2 = 3− r + a2,
yields a2 = 2k+ r− 1 and b3 = k+ 1. As such, (a, b) is the third claimed relation. 
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